Engineering objects often exhibit symmetries on their surfaces for functionality or aesthetics. Detecting such symmetries from their scanned meshes enables advanced applications, such as feature-based CAD model reconstruction or mesh size reduction for efficient CAE. In this paper, we propose a new method for detecting a common class of symmetries in engineering, such as translation, rotation and reflection, from scanned meshes of a variety of objects ranging from mechanical parts to aesthetic products. Major advantages of our proposed method over conventional ones are considerable robustness for scanner noise and exhaustive detection of multiple symmetries from a mesh. We demonstrate its effectiveness from various experiments on scanned meshes acquired by laser or CT scanners. We also show that surface distortions or deformations on the object surfaces can be evaluated using symmetries quantitatively.
Introduction
Recently scanned meshes of a variety of engineering objects ranging from mechanical parts to aesthetic products can easily be acquired by conventional laser scanners or industrial X-ray CT scanning systems. Such scanned meshes are effectively used in various stages of manufacturing, i.e. designing, inspection, and simulation. On the other hand, engineering objects often exhibit symmetries on their surfaces for better functionality or aesthetics. Detecting such symmetries from scanned meshes enables advanced applications, such as feature-based CAD model reconstruction or mesh size reduction for efficient CAE.
Related works
Symmetry detection in 3D geometry and its applications have been gaining increasing attention in recent years in computer graphics and computer vision research [1] . Here we briefly review only works closely related to our focus.
Sun and Sherrah [2] proposed an algorithm that uses Gaussian image for detecting global symmetries in a 3D model. Martinet et al. [3] also proposed an algorithm for detecting global symmetries in 3D meshes by examining the extrema and spherical harmonic coefficients of the generalized moments. However, these methods cannot detect partial symmetries which exist only in the local area on the mesh surface.
Many papers focus on detecting planar reflection symmetries which most commonly exist in natural and man-made objects. Simari et al. [4] proposed an algorithm for detecting partial planar reflection symmetries based on robust M-estimation and then hierarchically segmenting the mesh using symmetries. Podolak et al. [5] proposed a method for detecting all possible planar reflection symmetries from a mesh based on the voting scheme. However, these methods can detect only planar reflection symmetries and cannot translational and rotational symmetries.
Mitra et al. [6] proposed a method for detecting a broad class of symmetries, including translation, rotation, reflection and uniform scaling, based on the voting scheme. However this method needs computation of local shape descriptors at each point. For this reason, noise robustness is insufficient when dealing with meshes containing heavy scanner noise.
Tate et al. [7] proposed a method for detecting symmetry from B-rep models by analyzing face loops. Li et al. [8] also proposed an algorithm for detecting a broad class of approximate symmetries from B-rep models by extracting characteristic points and analyzing their connectivity. The detected symmetries can then be utilized for estimating design intents [9] . However, such algorithms may fail to robustly detect symmetries from noisy scanned meshes.
Mizoguchi and Kanai [10] proposed a method for detecting a common class of symmetries in engineering, including translation, rotation and reflection from scanned meshes of mechanical parts. This method first detects the planar regions bounded by high curvature vertices and then tests the congruency of their neighborhoods. The congruent pairs are then enlarged simultaneously by pairwise region growing and symmetries can be extracted as pairs of extracted regions and their corresponding transformation. Finally symmetries are converted to their explicit representations, such as planar reflection symmetry, if possible. This method can ignore local asymmetries which often appear in engineering objects and correctly detect symmetries. It can also detect both local and global symmetries stably from meshes with many features, i.e., edges and corners, such as those of mechanical parts; however it cannot do this from feature-less meshes such as those of aesthetic products. Moreover when dealing with meshes with heavy noise, curvature cannot be accurately computed and therefore symmetries cannot be detected robustly.
Symmetry detection is strongly related to periodicity recognition in the sense that they both find local congruent shapes which closely match each other under a certain class of transformation. Recently periodicity recognition has been gaining considerable attention and many algorithms have been proposed in the computer graphics and digital engineering fields [11, 12, 13] . However these algorithms aim at detecting a set of congruent regions and their periodic transformations, which is outside the scope of this paper.
Our purpose
In this paper, to overcome the problems faced in our previous work [10] , we propose a new method for detecting a common class of symmetries in engineering such as translation, rotation, and planar reflection, from a scanned mesh. Advantages of the new method include:
 It adds a random sampling approach to our previous method, resulting in the exhaustive detection of multiple symmetries even from feature-less geometries.  It provides considerable robustness to scanner noise since our method is basically based on local shape matching of clusters or triangle sets and does not use other shape descriptors such as curvatures.  It is a coarse-to-fine approach based on mesh clustering which enables efficient Vol. 7, No. 5, 2013 Journal of Advanced Mechanical Design, Systems, and Manufacturing detection even from large meshes.  Pairwise region growing enables detection of both local and global symmetries.  It correctly detects symmetries by ignoring local asymmetries which often appear in engineering objects by evaluating positional and directional errors of triangle pairs.
We demonstrate its effectiveness from various experiments on scanned meshes of a variety of engineering objects ranging from mechanical parts to design mock-ups of aesthetic products. Moreover, we show that distortions or deformations on object surfaces can be evaluated and visualized using symmetries. Our current implementation can deal with only manifold meshes, but it can easily be extended to non-manifold meshes and meshes with boundaries or with more than two shells. CT scanners can be used to detect any voids inside objects, but we do not deal with meshes with voids.
Basic Idea
Symmetry on a mesh M can be defined as a pair of partial regions > < 2 1 , R R on M and a certain class of transformation T under which a region can be closely matched to the other. In our problem setting, T can be defined as s , , R t T = , where t is a translational vector, R is a rotational matrix, and s is a scalar specifying reflection. If 1 = s , it is a rigid transformation, and if 1 − = s , a combination of translation, rotation and reflection. Here we describe our basic idea which is illustrated in Figure 1 . In this illustration, partial planar reflection symmetry is detected as an example. Given a scanned mesh M , then a mesh O is prepared which is a reflection of M to an arbitrary plane. We indexed triangles in the figures to facilitate our explanation. Then O is transformed to O′ under translation and rotation so that O′ can be closely matched to M . In this figure, six pairs of triangles can be matched, i.e., <m1,o10>, <m2,o9>, <m3,o8>, <m8,o3>, <m9,o2>, <m10,o1>. If symmetry on M could be represented as a planar reflection, the midpoints of barycenter pairs of corresponding triangles must be distributed on a reflection plane. Since M and O are symmetrically identical, their mesh elements, e.g., vertices or triangles, are also symmetrically identical. Therefore, a plane is fitted to midpoints of six pairs on M , i.e., <m1,m10>, <m2,m9>, <m3,m8>, <m8,m3>, <m9,m2>, <m10,m1>. In the evaluation of reflection symmetry, after reflecting ones of pairs to the plane, the symmetry is recognized as planar reflection symmetry if the relative distances between the barycenter pairs are satisfactorily small.
With a similar idea, 2-fold rotation can also be extracted. In this case, midpoints are distributed on a certain line which corresponds to the rotation axis. Journal of Advanced Mechanical Design, Systems, and Manufacturing
Our Proposed Method
In this section, we describe the detailed process of our symmetry detection method. We define symmetry as a pair of partial regions on a mesh and a transformation under which one partial region can be closely matched to the other. In our case, a transformation consists of translation, rotation, and reflection. , and can detect symmetries on M at the end. An overview of our proposed method is illustrated in Figure 2 . With this method, consistent clustering is first applied to a pair of meshes (step1). Then multiple symmetries are detected approximately but efficiently by combining random sampling, congruency test, and pairwise region growing (step2). Finally, the detected symmetries are refined and planar reflection and 2-fold rotation symmetries are extracted as explicit representations of symmetries if possible (step3 
Consistent clustering (step1)
Given a pair of meshes M and O , our method first applies consistent clustering these meshes based on the method proposed by Cohen-Steiner et al. in [14] so that the resulting clusters become identical on M and O . The objective function can be expressed by Eq. (1) , 1 1
where i c is a cluster barycenter, j x is a triangular barycenter, and K is the number of clusters. Clusters are used for symmetry detection in the next step instead of triangles. With large K, symmetry can accurately be detected but computation becomes slower. In contrast, with small K, symmetry is less accurately detected but computation is faster. Through various experiments, we set 000 , 10 = K for all the examples in this paper to generate satisfactory results. Examples of identical clusters are shown in Figure 3 . Cluster connectivity is constructed by using internal triangle connectivity, and the unit normal vector of each cluster is computed from the averaged normal vectors of internal triangles.
Scanned mesh
Step 1 Consistent clustering
Step 2 Symmetry detection
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Symmetry detection (step2)
Next, symmetries are detected approximately but efficiently by combining random sampling, congruency test, and pairwise region growing. In this method, a cluster is randomly selected from each mesh and the congruency of their neighborhoods is tested. If it is congruent, they are simultaneously enlarged by pairwise region growing, which results in the extraction of symmetry as a pair of the largest sets of clusters which can be closely matched to each other under a certain transformation and their corresponding transformation. Iteration of the above process enables exhaustive detection of multiple symmetries. 
is found, they are simultaneously enlarged by our pairwise region growing [10] . In this method, using 
. Otherwise, compare the number of total clusters, and preserve the symmetry with the larger one. 
Brief overview of ICP matching algorithm
ICP algorithm is a standard technique for matching a pair of scans Y X , and widely used in many applications [15, 16] 
Detailed process of pairwise region growing
Given a pair of congruent cluster sets M C and O C as seeds, our region growing iterates a pairwise matching and an expansion of cluster sets. In this iteration, a pair of seeds is gradually enlarged and the corresponding transformation is refined simultaneously toward a final symmetry. As a result of this process, a pair of the largest clusters sets
and a corresponding transformation + T which tightly matches
C can be extracted. This is illustrated in Figure 4 and the detailed process is as follows. Once a pair of congruent cluster sets is detected in the end of process (2-3), direct matching of a pair of entire meshes may be applied for detecting a global symmetry which covers a large area of the mesh surface. However, such a direct approach may fail to detect local symmetries which appear in a small area. Therefore, we use the region growing approach for detecting both global and local symmetries.
It may seem difficult to find congruent pairs of cluster sets from K×K cluster pairs. However, ICP matching can easily find congruent pairs in the process (2-3) if they are largely overlapped, resulting in efficient symmetry detection by the following pairwise region growing.
Symmetry refinement and analysis (step3)
In the previous step, since all the processing was run on clusters, symmetries can be efficiently detected but are poor in accuracy. In this section, we refine the detected symmetries
by processing triangles. Let us denote a set of triangles in
X , and a symmetry as
. In our method, for each symmetry k S , a corresponding transformation is refined by ICP matching of
X , , then their boundaries are refined by deleting and adding triangles. Finally, as a special case, explicit representations of symmetries can be extracted, e.g., a planar reflection and a 2-fold rotation symmetry, by analyzing the midpoints of barycenter pairs of triangles. The detailed process is described in the following.
Transformation refinement
This process is very simple. Our method applies ICP matching to
so that T .
Boundary refinement
In the next step, our method refines boundaries of 
where ( )
are a triangle barycenter and a unit normal vector under the transformation. If such a corresponding triangle is not found,
is deleted from
Once it is deleted, its topologically connected triangles are recursively processed in the same way. The threshold pos th is set using average mesh edge length avg l as 
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in the same way as the deleting process. If such a corresponding triangle is found,
is added to
Once it is added, its topologically connected triangles are recursively processed in the same way.
As a result of these processes, refined triangle sets
are obtained. It should be noted that M and O are identical, therefore their triangles are also identical. If we denote a corresponding triangle in O of
, its corresponding triangle in M is
. Here c(i) is an index of a corresponding triangle. 
Symmetry analysis
As a special case, our method can analyze a symmetry and extract its explicit representation, such as planar reflection and 2-fold rotation.
When dealing with
, if a symmetry can be represented as a single planar reflection, the midpoints of barycenter pairs of triangles must be distributed on a reflection plane. Therefore, for each + + k S , our method first fits a least-squares plane for a set of midpoints, then reflects triangles to the plane, and computes their averaged distance On the other hand, when dealing with
, if a symmetry could be represented as a 2-fold rotation, midpoints must be distributed on a rotation axis. Therefore, for each + + k S , our method first fits a least-squares line for a set of midpoints, then rotates triangles around the line with 180deg, and computes their averaged distance rot k e . If it is below threshold rot th ,
is represented as a 2-fold rotation symmetry and the least squares line can be extracted as a rotation axis. We set rot th in the same way as for reflection symmetry. A result of this process is shown in Figure 5 . By applying our refinement and analysis process, boundaries can be recognized more precisely. 
Results
In this section, we describe the results for CT and laser scanned meshes of a variety of engineering objects. All the experiments were run on Xeon 2.00 GHz CPU. Table 1 summarizes the computational time and extracted symmetries. In the table, the numbers of detected planar reflections and 2-fold rotation symmetries are denoted as #ref and #rot respectively. We set all the thresholds to the values described in this paper for the meshes in Figures 6, 7, 8 , and 9. . Our method detected 17 symmetries in total, including five planar reflection symmetries and four 2-fold rotation symmetries. Three meaningful symmetries are shown in this figure. The top and middle rows show the extracted global planar reflection symmetries and the bottom row shows the global 2-fold rotation symmetry. In each row, seed pairs are shown in Figure 6 (a), extracted symmetries in Figure 6 (b), and evaluated errors in Figure 6 (c). Errors were computed as follows: each vertex is reflected against the reflection plane or rotated around the rotational axis with 180deg, the closest triangle to its barycenter is found, and then the error is calculated as the point to plane distance using the triangle normal. In all three symmetries, errors were close to zero in most areas of the mesh and their averages were very small compared to the average edge length, which verifies that our method can accurately extract symmetries. However, large errors were found in the areas indicated by arrows in the figures, though they were supposed to be designed symmetrically on the CAD system. These errors may have resulted from molding errors, or deformations or distortions in use Journal of Advanced Mechanical Design, Systems, and Manufacturing due to heat expansion or ablation. Our method enables such inspections of objects on their scanned mesh using symmetries without the original CAD model. . Our method detected nine symmetries in total from the mesh in Figure 7 (a), including four planar reflection symmetries. A meaningful symmetry is shown in Figure  7 (b). Although this mesh contains larger noise compared to the others presented in this paper, symmetries could be robustly and accurately extracted as shown in Figure 7 (c). . Our method detected 21 symmetries in total, including six planar reflection symmetries. A meaningful symmetry is shown in Figure 8 (c). Although our previous method [10] failed to detect symmetries from such feature-less meshes, i.e., few sharp edges and corners, our proposed method overcomes such limitations and can accurately detect symmetries. Since this mock-up is created by a human designer, several distortions are unavoidable. Our symmetry detection enables evaluation and visualization of such distortions quantitatively as shown in Figure 8 . Our method detected 23 symmetries in total, including two planar reflection symmetries. A meaningful symmetry is shown in Figure 9 (c). Large errors were observed on the area indicated by arrows in the Figure 9(d) . This mock-up is an assembly of a small sub part and a large base part. It is considered that the large error resulted from their assembling error. Vol. 7, No. 5, 2013 Journal of Advanced Mechanical Design, Systems, and Manufacturing 
Conclusion and Future Works
In this paper, we proposed an algorithm for detecting a common class of symmetries in engineering from scanned meshes of a variety of objects. By approaching symmetry detection problems using local shape matching strategy, our method achieved considerable robustness for scanner noise. Moreover, our random sampling process enabled the exhaustive detection of multiple symmetries from a single mesh. In addition, our coarse-to-fine approach enabled detection at a reasonable time even from large scanned Journal of Advanced Mechanical Design, Systems, and Manufacturing meshes. Our experimental results indicated that symmetry has a potential to be used for the evaluation and visualization of surface distortions or deformations on scanned meshes without original CAD models. As the detected symmetries should be useful for feature-based CAD model reconstruction or CAE mesh size reduction for efficient CAE, the development of such applications should be interesting in future works.
As for the computational aspect, steps 2 and 3 are dominant in our method. Our proposed method focuses on detecting symmetry, i.e., a pair of congruent regions and its corresponding transformation. A reflection plane or a rotational axis can be extracted if a mesh represents planar reflection or 2-fold rotation symmetries. On the other hand, our past work [13] focused on detecting a set of congruent regions and their periodic transformation. When applying our proposed method to a mesh with discrete rotational symmetry, such as a gear, its rotational axis can be extracted. However its pitch angle cannot be extracted, and this is one feature which differs from our past work.
A mechanical part often includes asymmetric elements even if its total shape is symmetric. A typical example is shown in Figure 5 . In this zoom-up picture, a small hole appearing in the upper half portion is designed to be unsymmetrical. Our proposed method first finds pairs of clusters being extracted as a part of symmetry by examining their relative positions and directions in step 2. Then in step 3, it similarly evaluates those of triangles, and adds and deletes mis-and over-detected triangles in step 2 to refine the symmetry. Therefore our method can appropriately ignore asymmetric parts and does not detect them as the final symmetry. In CAD and CAE applications, such asymmetric parts must be processed independently from other symmetric parts.
Experimental results show that our method can accurately detect symmetry since the extraction errors are much smaller than the average mesh edge lengths. However, in future work, we aim to carry out a more rigorous and accurate evaluation for verifying the superiority of this method over previous methods by comparing detection accuracy with previous methods or by evaluating symmetry with those of original CAD models. Vol. 7, No. 5, 2013 Since our method is based on random sampling, multiple meaningful symmetries can be extracted reliably, yet unnecessary ones also detected, for which extra computation time is spent. The interactive selection of seeds serves as a good practical solution to this problem as it allows users to extract only target symmetries. However, it is difficult to automatically find the symmetry desired by the user from the multiple symmetries detected by our method, because different users want different symmetries depending on their purposes. However, from an engineering point of view, one potential method is the use of Manhattan-world assumption. This assumption states that there exist three dominant axes orthogonal to each other in artificial objects and their shape elements are aligned so that they are parallel or orthogonal to the axes. This assumption is extensively applied in 3D modeling, such as as-built modeling of industrial plant [17] or 3D building reconstruction from stereo images [18] . Operators use these three axes in the CAD modeling phase and arrange shape elements based on the axes for better design efficiency, functionality, and aesthetics. Therefore with our method, after applying segmentation to a scanned mesh, detecting surface parameters (e.g., planar normal or cylindrical directional vector), and finding the three axes orthogonal to each other dominating the target shape, the desired symmetry whose reflection plane or 2-fold rotational axis is aligned to the three axes can be selected.
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